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Abstract. We introduce stronger versions of the usual notions of martingale 
type p < 2 and cotype q > 2 of a Banach space X and show that these concepts 
are equivalent to uniform p-smoothness and g-convexity, respectively. All these 
are metric concepts, so they depend on the particular norm in X. 

These concepts allow us to get some more insight into the fine line be- 
tween X being isomorphic to a uniformly p-smooth space or being uniformly 
p-smooth itself. 

Instead of looking at Banach spaces, we consider linear operators between 
Banach spaces right away. The situation of a Banach space X can be redis- 
covered from this by considering the identity map of X. 



1. Introduction 

In several recent papers Kato et al. [31 H>1 introduced the concept of strong 
Rademacher type and cotype and related those concepts to the uniform smoothness 
and convexity properties of the underlying Banach space. 

In particular for 1 < p < 2, a Banach space X has strong Rademacher type p if 
there is a constant c such that 

k=0 k=l 

for all n s N and elements xo, . . . , x n G X. Here ro, . . . , r n denotes the sequence of 
Rademacher functions. 

It turns out |Sl Theorem 3] that X is uniformly p-smooth if and only if it has 
strong Rademacher type p, moreover the constants involved coincide (see Sectional 
for the definition of p-smoothness and q-convexity). 

A dual result holds for strong Rademacher cotype q and uniform g-convexity, 
where q > 2. 

Surely, strong Rademacher type p implies usual Rademacher type p and the same 
goes for the respective cotype properties. Also, both convexity and smoothness as 
well as the strong Rademacher type and cotype properties depend on the particular 
norm in X. 

It is well known [S], that X is uniformly p-smooth for some equivalent norm, 
if and only if X has martingale type p. So the more natural notion connecting to 
uniform p-smoothness would be something like strong martingale type p. 

In this paper, we define strong martingale type p and show, that it is equivalent 
(with the same constants) to X being uniformly p-smooth. Again, strong martingale 
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type p implies usual martingale type p but now we also have a partial converse. 
It follows, that one can renorm a Banach space with martingale type p so as to 
have strong martingale type p in the new norm. This is not so if one only considers 
Rademacher type, since there is an example, due to James of a nonreflexive 
Banach space of Rademacher type 2. Since the space is non reflexive, it cannot be 
uniformly p-smooth for any p > 1 and consequently not have strong Rademacher 
type p for any p > 1 in any equivalent norm. 

All results have dual variants for strong martingale cotype q and uniform q- 
convexity. 

Hardly any of the results in this paper are really new, they are just old ones and 
generalizations of old ones, put into the right perspective. Moreover, our direct 
proof for the renorming result in the martingale type p case (Theorem EJ) seems to 
be new. 

2. Notation and concepts 



For k = 0, 1, 



the dyadic intervals 



i i + 1 



where i = 0, 



1. 



generate the dyadic cr-algebra denoted by Tu- 

For a Banach space X, we consider dyadic martingales (/o, ...,/„), defined on 
[0, 1), taking values in X, and adapted to the dyadic filtration ?jC"'C T n . We 
let /_i = and denote by dk '■= fk — fk-i the differences or increments of this 
martingale. 

By 

\\f\L P \\ :=(£\\f(tWdty /P 

we denote the L p -norm of a function / : [0, 1) — > X . Given another function 
/' : [0, 1) -> X', we write 

(/,/') := /</(*),/'(*)>*, 
Jo 

where (x, x') is used to denote the duality between X and X'. 

For q > 2, an operator T : X — > Y is uniformly q-convex if there is a constant c 
such that 

1/9 



(1) 



Tx+ — Tx- 



< c 



x+ + x_ 



for all x+, x- G X. Equivalcntly, letting x = (x+ — X—)/2 and .to = + X-)/2, 
we can rephrase the definition as 



(1') 



W<c(H 



||x + S Qj|g+j|g-goj|g _ N 1/, 



for all 

The operator has strong martingale cotype q if there is a constant c such that 



(2) 



(imi 9 + ^Ei™^ 



fc=l 



1 / ft 
1/g II ^ — _ | 

fc=0 



for all sequences of X-valued differences <io , d\ , . . . , d n of dyadic martingales such 
that do = x. 
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Note that following Pisier [H] an operator has martingale cotype q if there is a 
constant c such that 



i n 

< 3 > (s£ 



1/9 



Td k \L q \\") ' < \\Y,dk\L g 



k=0 k=0 

for all sequences of A-valued differences d\,...,d n of dyadic martingales. So by 
||T|| < c strong martingale cotype q implies martingale cotype q. We will see, that 
the reverse is only true if one passes to an equivalent norm in X . 

We now repeat the definitions above in the dual case. For 1 < p < 2, an operator 
T : X — > Y is uniformly p-smooth if there is a constant c such that 

(4) ^ + TIV ^- TIV -\W) V '<*\\ 

for all x £ X and y £ Y. 

The operator has strong martingale type p if there is a constant c such that 

n n ^ i 

(5) Htf + E^M ^ (imi p + cP Eh^m p ) 

fe=l fe=l 
for all sequences of X-valued differences d\, . . . , d n of dyadic martingales and y £ Y. 

Note that following Pisier |S] an operator has martingale type p if there is a 
constant c such that 

(6) ||£ Td *| L p|| ^ (c p £H4M p ) 

k=Q k=0 

for all sequences of X-valued differences do, . . . , d n of dyadic martingales. So by 
letting y = Tx and since ||T|| < c, strong martingale type p implies martingale 
type p. We will see, that the reverse is only true if one passes to an equivalent 
norm in Y . 

For 1 < p < oo, we denote by p' the dual index of p, given by 1/p + \/p' = 1. 

3. Results 

Theorem 1. An operator T is uniformly q-convex with constant c if and only if T 
has strong martingale cotype q with the same constant c. 

Proof. Assume first that T has strong martingale cotype q. Define a martingale 
d + di by letting do = Xq and di := x\Ti. Applying @ to this martingale yields 



c«" " / ~ V 2 
The substitution x + :— xo + Xi and a;_ := xq — x\ then yields 

Conversely, if do , . . . , d n is any sequence of differences of a dyadic A-valued 
martingale such that do = x, write fk — z2h=odh- Then fk—i is constant on the 
intervals A?,, while the (constant) value that dk takes on the left half A^, 2 "'-' of 
A[ J 2i is the negative of the (constant) value that dk takes on the right half A^ 2 "' +1 ' ) 
of A^2i- Hence 

\\fk-i(t) + d k (tw dt = f \\f k -x(t) - d k (tw dt 
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and we have 

(7) ||/fc|-L g || = \\fk-i + dfc|£ q || = \\fk-i — dk\L q \\. 

From (JTJ we get 

mm* < ^( ll/fc - l(t) + 4(t)r ; ll/fc - l(t) - dfc(t)r - \\ fk -M\ q ) 

which, when integrated over t and using (JJJ gives 

||Td*|L,r<c9(||ML,r-||A_i|L,||9). 

Take the sum over k = 1, . . . , n of these inequalities to get (J5J). □ 

Theorem 2. An operator T is uniformly p-smooth with constant c if and only if 
T has strong martingale type p with the same constant c. 

Proof. Assume first that T has strong martingale type p. Define a martingale 
difference by letting d± = xr\ . Applying (JSJ) to this martingale yields 

lv+Ts||,+llw - T ^ 1/p <(iiyir +< *Nr) 1/ * 



V 2 
which immediately yields 

Conversely, if d% , . . . , d n is any sequence of differences of a dyadic X-valued 
martingale, write f k = $^i = i d/,. Then y + Tfk-i is constant on the intervals 
Aj,_ii while the (constant) value that Td k takes on the left half °f A^2i is 

the negative of the (constant) value that Tdk takes on the right half of 
a( - j) . Hence 

\\y + Tf k - 1 {t)+d k (t)\\*dt= J \\y + Tf k -i{t)-d h {t)\\*dt 
and we have 

(8) Uiz + T/fclLpH = h + Tf^+TdklLpW = \\y + Tf k _ x -Td k \L p \\. 
From Q we get 

\\y + Tf k ^{t)+Td k (t)\\P + \\y + Tf k ^{t)-Td k {t)\y 

2 

< iiv+T/ fc _ 1 (t)f+ C 'i| ( i fc (t)r 

which when integrated over t and using JHJl gives 

||y + T/ fc |L p f < ||y + T/^rlLpf + c^d^f. 
Take the sum over k = 1, . . . , n of these inequalities to get (0. □ 

Proposition 3. An operator T has strong martingale type p if and only if its dual 
T' has strong martingale cotype p' . And an operator T has strong martingale cotype 
q if and only if its dual T' has strong martingale type q' . 

Proof. Assume that T' is of strong martingale cotype p' . 

Given a sequence di, . . . , d n of dyadic martinagle differences and y G Y, we find 
an .^-measurable function g n with values in Y' such that 

n n 

V + ^ Tdk L p = (y + X! Tc ^> and \\g n \L p > || < 1 + e. 

k=l k=l 
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Writing 

e k ■= E(g n \J r k ) - E(g n \ F k -i), 
we obtain another sequence of dyadic martingale differences and we have 



y + Y, Td k,9n) = (y,e ) +^2(Td k ,e k ). 

k=l fe=l 



Consequently 



' + Tdk 



fe=i 



L, 



< 



(\\yV + U k \L P \\ P ) (l|eo|| p ' + ^E H^IVf') 



,\i/p' 



k=l k=l 

Now applying the strong martingale cotype p' property of T" we get 

1 n n i 

ll e oll P ' + ^7Ell T '^l^'ll P '^||E^|V " <(! + e ) P '' 



fc=0 



which proves that 



n n 

+ E Trf * Ml ^ (! + e ) {\\y\\ p + cP E Ri^ir) 



i/p 



fe=i fc=i 

Letting e — > proves that T has strong martingale type p with the same constant. 

To see the other implication, given a sequence of Y'-valued dyadic martingale 
differences d n , . . . ,d n such that d n =y', let 

..j/IIp'- 1 



fc=0 



II2/II 



'hp 



i/ P - 



We find X'-valued dyadic martingale differences e\, . . . , e n such that 

(^||T'4|VII P ') P =^(T'4,e fc ) and (^||e fe |L p f) ' < 1 + e. 
fc=i fc=i fc=i 

Moreover we find yeV such that ||y'|| = and \\y\\ < 1 + e. 

We can then write 

a W 



(^||T'4|V 



fc=i 



fc=i 



fe=i 



y' + E^'^ + E Tefc ) ~ x (y',y) 

-MWl 



k=0 k=l 

Using the strong martingale type p property of T, we get 

A ? y + ^T efc |L p || < (Af||yf + cf^||e fe |L p r) < (l + e)( C P + AP) 
fe=i fe=i 
Our choice of A now ensures that 



i/p 



n / n 

k=0 ^ k=0 



./IIP 



1/p' 



+ MWI 
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This proves that 

\\T'd k \L p , f ') 1/P < J J2 d k \L p , J (<* + X p ) 1/P (l + e) - X\\y'\\ 



„ , ,,i/p' M „ , 

Er"" r ' ■ !! ^ 

k=l fe=0 



( 1 + e ) c (|E^|vf -llyT')^ + &\W\ 

^ fc=0 ' 



Letting e — > proves that T" has strong martingale cotype with the same constant. 
The second part follows analogously. □ 

Proposition 4. An operator T is uniformly p-smooth if and only if its dual T' is 
uniformly p' -convex. An operator T is uniformly q-convex if and only if its dual T' 
is uniformly q' -smooth. 

Proof. This was well known for Banach spaces, see Beauzamy pp. 311-312] and 
has been proved for linear operators in Pietsch/Wenzel 7.9.6]. □ 

We have now an alternative proof of Theorem [21 using duality. 

Proof of Theorem^ (alternative version). If T is uniformly p-smooth, then its dual 
T' is uniformly p'-convex, which by Theorem ^ happens if and only if T' has strong 
martingale cotype p' and by Proposition [3] this is equivalent to T having strong 
martingale type p. □ 

As our last project, we want to discuss the relation of martingale type/cotype 
and strong martingale type/cotype. It is due to Pisier that whenever T has mar- 
tingale cotype q, then there exists an equivalent norm on X , such that T becomes 
uniformly g-convex when considered as an operator from X equipped with this new 
norm into Y. From this it then follows that T has strong martingale cotype q. By 
duality the same works in the type case However, we also want to give a direct 
argument similar to the one used for cotype. 

Since we think that our approach makes more clear, why the respective proofs 
work and since we haven't seen the direct proof for the type case in print yet, we 
want to include a proof for both cases here. 

We first provide a technical lemma, that allows us to define equivalent norms. 

Lemma 5. Let \\\ ■ \\\ : [X, \\ ■ ||] — > [0, oc) be a continous, positively homogeneous 
functional. Assume that for |||a;±||| < 1 it follows that \\\x + +x_||| < 2. Then 

\\\ x + + x -\\ \ < lll^+lll + III 21 — III 

for all x± € X . 

Proof. Assume first that |||x±||| < 1. By assumption 
(9) |||Aa; + + (l-A)x_|||<l 

for A = 1/2. It follows by induction over n, that the same holds for all A = fc/2™, 
where n = 0, 1, 2, . . . and < k < 2™. 
To see this, write 

k 



1 - 



and note that |||x||| < 1 by the induction hypothesis, and 

Aa;+ + (1 — A)a;_ = —x + ~^ x ~- 
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It now follows by continuity that © holds in fact for all A S [0, 1] 
Finally, for arbitrary x± let 

IIMII 



A = 



F+l 



Then from © we get 



+ (1-A)l 



< 1 



which in turn implies the triangle inequality. 



□ 



Theorem 6. If an operator T : X — > Y has martingale cotype q then there exists 
an equivalent norm on X , such that T considered as an operator from X equipped 
with the new norm into Y is uniformly q-convex. 

Proof. Assume that Q holds. Let 



/ n 1 n 

{x} := M (Jx + Y,d k \L q \\ q - - Y,\\ Td k\L q \\ q 



t/<i 



k=l k=l 

where the infimum is taken over all sequences of X-valued differences d\ , . 
martingales adapted to the dyadic filtration J-\ C • • • C T n - 
Letting d\ = ■ • • = d n = yields 

M<NI- 

Conversely, it follows from that 

{x}>- c \\Tx\\. 

Trivially with this expression (which need not yet be a norm) we have 



. , d n of 



1 



1/9 



< 



J2 dk \ Lc - 



k=l fc=l 

which unfortunately is not yet strong martingale cotype q, since we would have to 
use { ■ } also on the right hand side. 

Therefore we next show that this expression satisfies jT). Given x + and a;_ 
choose differences df , . . . , d^ of dyadic martingales such that 



x± 



2J« 

fe=i 



n 

-^||T4|L 9 r<{x ± r 



e. 



fc=i 



Glueing together two differences as 

'4(2*) 



-«fe+i 



(*) == 



if < £ < 1/2, 



d^(2t-l) if 1/2 < t < 1, 



we get a new sequence of X-valued differences c?2, ■ ■ ■ , ^n+i of a dyadic martingale, 



which however is now adapted to Ti C 
di(t) : 



X- 



2 

X— —x + 
2 



Q J~ n +i, so letting 

if < t < 1/2, 
if 1/2 < t < 1, 



yields a sequence of differences of a dyadic martingale adapted to J-\ C • • • C JF„ + i. 

This is, by the way, the point, where we cannot just use Rademacher functions, 
since the function equal to x^rk(2t) for < t < 1/2 and to x^rk{2t — 1) for 



s 
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1/2 < t < 1 will no longer be a multiple of a Rademacher function, but at best a 
martingale difference as soon as x~^ ^ x^ . 

Continuing with our considerations, we now have consequently 

n+l , n+l 

{x}«< x + Y,d k \L q - -J2\\Td k \L q \\« 



fe=i 



fc=i 



for all x G A, in particular for (x + + x_)/2. 
It is now clear that 



T.t + — Ta;_ 



and 



n+l 



9 _ 1 

~ 2 



lirdfc+xii,! 



fe=i 



[|Td+|£ 9 ||« + ||Tdr|L g | 



9 1 



fc=l 



Therefore it follows from the definition of dj: that 



+ + {a; + }« + {2;_}' ? 



{^} 



< 



c" 



Ta; + — Ta;_ 



x + + x- \9 {x+} q + {x-} q 1 



Tx + — Tx_ 



Letting e — > shows 

<"» {^}- , 

However, as was mentioned earlier, the expression { • } need not be a norm on X. 
But it is positively homogeneous and continous so from l|10|) it follows that Lemma|S] 
applies and it also satisfies the triangle inequality. To get an equivalent norm, we 
define 

HMH := (\\x\\ q + {x} q ) 1/q . 

Adding (TDJ to 



x + + X- 



q < Mi 



llz-ll 4 



we finally get the uniform g-convexity for T considered as an operator from X 
equipped with ||| • ||| to Y. □ 

Theorem 7. // an operator T : X — > Y has martingale type p then there exists 
an equivalent norm on Y , such that T considered as an operator from X into Y 
equipped with this new norm is uniformly p-smooth. 



Proof. Assume that © holds. For x £ X let 



{x} := sup ( Tx + Y^Td k 



L, 



cOj2\\d k \L p r 



k=l k=l 

where the supremum is taken over all sequences of A-valued differences d\ , 
of martingales adapted to the dyadic filtration T\ C • • • C T n . 
Letting d\ = ■ ■ ■ = d n = yields 

{x}>\\Tx\\. 

Conversely, it follows from © that 

W < c||i||. 
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We next show, that the expression { • } satisfies 

\^ x++ x - jP^ {x+}P + {x_}P ^ x+-x 

Given x + and x_ choose differences df,...,d^ of dyadic martingales such that 

n n 

\Tx ± + Td±\L p \\ P - <? \\4\L P F > M 
fe=i fc=i 
Glueing together two differences as 

d k+l{ t) := ^<t<l/2 t 
k+ KJ \<£(2i-l) if 1/2 < t < 1, 

we get a new sequence of X-valued differences d 2 , ■ • ■ , d n+ \ of a dyadic martingale 
which however is now adapted to Ti C • • • C T n+ \, so letting 



di(t) := 



if < t < 1/2, 
if 1/2 < t < 1, 



^ z 1 — 

yields a sequence of differences of a dyadic martingale adapted to T\ C • • • C T, 
Consequently 



n+1 



{x} p > Tx + Y, Td k L p " -<?Y, \\ d k\L P \\ P 

k=l fe=l 

for all x G X, in particular for (x+ + xJ)/2. It is now clear that 

]LnV _ ¥i\L P \\ P +\\du\L P \\\ 



\\di\L p \\ P = 



x+ — x- 





p 1 


Lp 


~~ 2 



and 

fe=i ■ fc=i 

Therefore it follows from the definition of that 

I x++x_ y > + _ e _ cP 

Letting e — > shows 

(ii) ^_±+^y> {x+}p+ 2 {x - }p -c- 

Finally defining 





p 1 




Lp 


+ 2 





fc=i 



2 

.T + — X - 



:=inf(^E(||y fc -Tx fe f + W)) 
fe=i 



l/p 



where the infimum is taken over all decompositions of y as y — X)fc=i Vk/2 n and 
all elements x^ G X, we we get an equivalent norm on Y for which T becomes 
uniformly p-smooth. Indeed clearly 1 1 1 • 1 1 1 is positively homogeneous and choosing 
n = and xq = we get 



< 



WW- 
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On the other hand 

2 



2 2 

(^r E (H»* - T ^H P + VP > E (llw - Ta *ll p + ll^f)) 1/P 
*;=i *;=i 

^ (^e 2l_p (ii»fc -^ii+ii^iir) 
*;=i 

> 2VP-I(2_^| bfc | r ) 1/P > 2 Vp-i| b || 

whenever y — Y^k=i /2 n i so 



i/p 



fe=i 



> 2 1 / p - 1 |M|. 

Next, given y± we choose and € X such that 

2" 2 71 

^{\\yt-T4\\' + {4y)<\\\V±\W + e and 2/ ± = ^£: 
fe=i fc=i 

Note that we can assume that for both y+ and y_ the same n works, since if 

y = h ELi yk thcn also 

2" 2 r 



1 

" = ?i+r(E» + E») 



fe=l fe=l 
and moreover, for xi, . . . , X2« £lwe have 



(^r( E (iiw - Ta *n p + w) + E (n»fc - T ^n p + ^fc}")) 
^ fe=i *;=i 

(^E(fe-Tx fe f + {x fe F)) 



1/p 



It now follows that 



hence 

\\\y + + v-W 



2" 2" 

y+ + y- = E( 2 % + ) + E(2f* ) 
fe=i fc=i 



< 



^■(E (||2^ - 2Tx+f + {2x+D + 2 (||2^ - 2Tx fe -f + {2x fe -} p 
fc=i fc=i 

2" 



= 2P_1 E - T 4ir + HV) + ^ E (n% - T ** ir + KD) 

fc=l fe=l 



<2^ i (iii 2/+ iir + iii^nr + 2 e ), 

which proves that 



< 



'|||2/+r + |||y-||FY /p 
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It now follows from Lemma that ||| • ||| is actually a norm. 

To see the p-smoothness property of T for this norm, given y G Y, choose yk 
and Xk € X such that 

2" 2" 

-^(ll^-T^f + ^r) <||M||" + e and y = - $> fe . 

fc=l k=l 

Then for a; G X 

2" 

1 1 \y ± Tx| | |f < — £ (||j/ fc ± - T(x fe ± z) ||* + {x k ± a:} p ) 

k=l 

= ^Y,(\\y k -Tx k r + {x k ± x y). 

k=l 



But by we have for each k 

{x k + x}p + {x k - x}P 
2 

so that 



<{x k }P + C P\\x\\P 



lit + Tt\\\ p 4- III?; — Trlll p 1 



2 - 2 n ^ 

fc=i 

< llblll P + e + c p ||a;|[ p 
which proves the uniform p-smoothness of T. □ 
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